VA

.
s LonLuamos

LA-UR-21-26946

Approved for public release; distribution is unlimited.

Title:

Author(s):

Intended for:

Issued:

Learning Implicit Models of Complex Dynamical Systems From Partial
Observations

Rupe, Adam Thomas

Web

2021-07-19




Disclaimer:
Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by Triad National Security, LLC for the National
Nuclear Security Administration of U.S. Department of Energy under contract 89233218CNA000001. By approving this article, the publisher

recognizes that the U.S. Government retains nonexclusive, royalty-free license to publish or reproduce the published form of this contribution,
or to allow others to do so, for U.S. Government purposes. Los Alamos National Laboratory requests that the publisher identify this article as
work performed under the auspices of the U.S. Department of Energy. Los Alamos National Laboratory strongly supports academic freedom
and a researcher's right to publish; as an institution, however, the Laboratory does not endorse the viewpoint of a publication or guarantee its

technical correctness.



LEARNING IMPLICIT MODELS OF COMPLEX DYNAMICAL SYSTEMS
FroM PARTIAL OBSERVATIONS

Adam Rupe
(he/him)

Center for Nonlinear Studies and Computational Earth Science
Los Alamos National Laboratory

Inference For Dynamical Systems, 7/21,/2021

g Center for
Los Alamos CWN/ ot

EST.1943

1/28




SYSTEMS, DATA, AND MODELS

~~~.__(analysis / assimilation) A
System el . Data Image
(measurement)
A
X: Q- R
> —_—
Credit: NASA-Apollo 17 crew Credit: WMO Credit: Tapio Schneider/Kyle Pressel/Momme Hell/Caltech
wo Zo :X(LU()) Uo :A(CCO7.T,17CC,2,...)
True Koo;zman Operat:‘)r Data-driven
Dynamics UX=Xo® model Physics
Pt ‘I”; simulation
ft = Tt (370)
Q n : minimize
i X:Q—-R . 2= X(w) ”
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SYSTEMS AND “PLATONIC” MODELS

Physical system described by measure space (2, ¥q, )
Governing physics captured by closed-form diff. eq. model w = ®(w)

» Markovian—orbits wy determined by single wq

» Deterministic—orbit wi(wp) always the same for same wy

closure relationship between degrees of freedom of w

> w a vector {w'}—each w’ a DoF
» evolution of single w’ depends on interactions with other DoF

» physics “captured”/“modeled” with deterministic, Markov dynamic closed over {w}

(“Unreasonable Effectiveness of Mathematics”?)
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MEASUREMENTS AND PARTIAL OBSERVATIONS

For given (Q, ¥q, v, ®), collection of instrument measurements is measurable function
X: Q=X s otoap=X(w)

Generally interested in partially-observed systems, for which X is not invertible:
knowledge of x insufficient for determining state w of the true system

= “unobservable” or “immeasureable” degrees of freedom in w not in x = X (w)
Initial observation xp induces uncertainty over wy (e.g. MaxEnt), giving uo : Q@ — R
— probability space (2, Xq, ut, ®), with p; governed by Perron-Frobenius

observables X are random variables governed by Koopman

(foundational set up for nonequilibrium statistical mechanics)

M. Mackey “Time’s Arrow: The Origins of Thermodynamic Behavior”, Springer (1993)
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MODELS FROM PARTIAL OBSERVATIONS

FEzxplicit Models — physics simulations
» use histories {zg,z_1,...} to explicitly “fill in the gaps” of unobserved DoF
» fit (approximated) closed-form deterministic Markov model i)g

» auxiliary dyn sys whose numerical solutions approximate evolution w; = ®*(wg)

Implicit Models — data-driven methods

» No direct reference to physics (degrees of freedom or their governing equations)
» learn a mapping 7" that evolves measurement observables forward in time
» implicitly “fills in the gaps” of unobserved DoF with delay-coordinate embeddings

» learns implicit Markov dynamic with Koopman operator

Will show certain data-driven models do implicitly what physics simulations do explicitly
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PHYSICS-BASED SIMULATIONS

data image uy — approximated coarse-graining of system state w;

data assimilation — ug = A(xg,x_1,...) most consistent with history of observations
simulation upyr = @], uy — uses parameterization o for Markovian closure

unobserved DoF not in X explicitly “filled in” by coarse-graining u; or parameterization «

Upgr = &DQ u; explicitly approximates governing physics wiy, = @7 wy

model error from parameterization o

initialization error from ug = A(xg,x_1,...) (e.g. chaos)
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INSTANTANEOUS DATA-DRIVEN MODELS

(Instantaneous) target function 77 : X — X learned from data
minimize ||77 o X — UTXHLQ ()

where U™ X; =~ x4, from training data — i.e. loss = ||T7 (z;) — 2410 ||?
regression function ZT unique minimizer — aka conditional expectation Z7 = E[U” X;| X}]

Decompose model error as
ET) :=|TToX —UX|?=06(T") +E%

O(T™) = ||T™ — Z"||?> — how far given T7 is from optimum
E% =||Z7 o X — U™ X||? — intrinsic error due to partial observations X

R. Alexander and D. Giannakis (2020) Physica D
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HILBERT SPACE FORMULATION

System observables: H = L?(u.)
H={f:Q—=X: [o|lf(w)*dn(w) < oo}

Functions of measurement observations:

V={g9: X —>X:goXeH}

Subspace of measurement observables: Hx = L?(uX)
Hxy ={fe€eH:f=goX for some g €V}

Regression function the unique element in V' s.t.
E[U"X¢|X] = Z7 := argmin||go X — U"X||%
gev

F. Gliani, D. Giannakis, J. Harlim (2021) Physica D
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DATA-DRIVEN APPROXIMATIONS OF U™
EDMD: Galerkin projection onto Hy C Hxy C H using ¢ CV

M. O. Williams, I. G. Kevrekidis, and C. W. Rowley (2015). Journal of Nonlinear Science

S. Klus, P. Koltai, and C. Schiitte (2016). Journal of Computational Dynamics

System Observations Galerkin Approximation

X:Q-X v

wo € Q xo = X (wo) —  [WNx0),..., P (xo)]"

Y

Ug(l
ot X = Utx
(Ul (20), .., Ul (o))"
: minimize
. 1%
w=0wy) PV X)) T i), o)
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DATA-DRIVEN APPROXIMATIONS OF U7
Forecast using identity function fx(z) = x:

Tepmp (@) = Uk [fx o X](wr)

= must have fy € ¥ CV  express as fx(z) = > ;mvi(z), with Uyv; =

Linear forecast model

E[Xi+7|Xe] ~ Tepnp (1) Z)\mlvl Ty)

ALV

10/28



DATA-DRIVEN APPROXIMATIONS OF U7
Forecast using identity function fx(z) = x:

Tepmp (@) = Uk [fx o X](wr)
= must have fxy € ¥ CV  express as fx(z) = > ;mvi(z), with UL v, = \v;

Linear forecast model

E[Xi+7|Xe] ~ Tepnp (1) Z)\mlvl Ty)

In fully-observed case (X =Q): U% — U7 in limit ¥ -V (Hy - Hx = H)
M. Korda and I. Mezi¢ (2018) Journal of Nonlinear Science

recover regression function in partially-observed case: Hgy — Hx C H for ¥ — V

Uk[fx o X]=> AmvoX =2"0X
]

Rupe et. al. (2021) in progress
P ( ) in prog 10 /28



INTRINSIC GEOMETRY AND DELAY-COORDINATE EMBEDDINGS

Attractor geometry of underlying system (2, ®) can be recovered using
delay-coordinate embeddings T™ = (T4, X4—1,- -+, Tt—m), (m is embedding dimension)

FIG. 1. (x,y) projection of Rossler (Ref. 7). FIG. 2. (x,%) reconstruction from the time series.

N. H. Packard, J. P. Crutchfield, J. D. Farmer, and R. S. Shaw (1980) PRL F. Takens (1981)

delay-coordinate observables: Koopman <= Laplace-Beltrami operators

D. Giannakis (2019) Applied and Computational Harmonic Analysis
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INTRINSIC COMPUTATION OF SYMBOLIC PROCESSES

System Observable Measurements Model
w € Q) X: Q- A {xt:X(wt)EA} ?Tiytl—)xt_;_l
€
€
Ty ,‘u, R ...001011101000... "

Introduced to Dynamical Systems and Ergodic theory:
Discrete Information: A.N. Kolmogorov (1959); Y.G. Sinai (1959); Y. Pesin (1977)

Discrete Computation: B. Weiss (1973); W. Krieger (1974); R. Fischer (1975); J. P. Crutchfield, K. Young (1989) 1228



CAUSAL STATES: MINIMAL MODELS FOR OPTIMAL PREDICTION
past: T = { o mo,x1, 1 }; future: 7', = {Ti41, Te42, T3, ...}

predictive equivalence:

Time T = Pr(X|T) = Pr(X|T,) = (7)) =<(F))
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CAUSAL STATES: MINIMAL MODELS FOR OPTIMAL PREDICTION
past: T = { @9, 1,24 }; future: 7', = {T141, Tryo, Trys, ...}

predictive equivalence:

Time T = Pr(X|T) = Pr(X|T,) = (7)) =<(F))

causal states: equivalence classes of ~. generated by e-function, e : T S

S =e(F) = (% : Pe(X %) = Pr(X|F0)}
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CAUSAL STATES: MINIMAL MODELS FOR OPTIMAL PREDICTION
past: T = { @9, 1,24 }; future: 7', = {T141, Tryo, Trys, ...}

predictive equivalence:

Time T = Pr(X|T) = Pr(X|T,) = (7)) =<(F))

causal states: equivalence classes of ~. generated by e-function, e : T S
Sy = e('F) = {F, : Pr(X|F:) = Pr(X|T0)}
causal state dynamics are Markovian:
Sit1 = MS;

Follows from predictive equivalence and e-function: Siy; uniquely determined by Sy and x4

C. R. Shalizi and J.P. Crutchfield (2001) J. Stat. Phys.
13 /28



PERSPECTIVE FROM MORI-ZWANZIG FORMALISM
Expand U in terms of projection operator P: H — Hx and Q =1 — P

t
Ut+1 — Z UtkaU(QU)k + (QU)tJrl
k=0

Apply both sides to measurement observable X € H: zy11 = X;11(wp) = [UT1X](wo)
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PERSPECTIVE FROM MORI-ZWANZIG FORMALISM
Expand U in terms of projection operator P: H — Hx and Q =1 — P

t
Ut+1 — Z UtkaU(QU)k + (QU)tJrl
k=0

Apply both sides to measurement observable X € H: zy11 = X;11(wp) = [UT1X](wo)

Discrete-time MZ equation:

t

T = Mo(2e) + Y My(i—i) + &1 (wo)
k=1

My — Markov term (T1); My = P(& o ®) — Memory;  &11(wo) — orthogonal “noise” (%)

K. Lin and F. Lu (2020) J. Comp. Phys. F. Gliani, D. Giannakis, J. Harlim (2021) Physica D

Data-driven methods: Chorin, Hald, Kupferman (2003); Chorin, Lu (2015); Lin, Lu (2020); Lin, Tian, Livescu, Anghel (2021)
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HISTORY-DEPENDENT MODELS

Apply MZ expanded Koopman to delay-coordinate observables (pasts) :

T4l = M + noise
Memory dependence folded into observables; noise (2% ?) vanishes in m — oo limit
K. Lin and F. Lu (2020) J. Comp. Phys. F. Gliani, D. Giannakis, J. Harlim (2021) Physica D
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HISTORY-DEPENDENT MODELS

Apply MZ expanded Koopman to delay-coordinate observables (pasts) :

T4l = M + noise
Memory dependence folded into observables; noise (2% ?) vanishes in m — oo limit
K. Lin and F. Lu (2020) J. Comp. Phys. F. Gliani, D. Giannakis, J. Harlim (2021) Physica D
History-dependent data-driven models: ?ZL : ?;ﬂ — Xior (?1 = H 0)

minimize H?T oX™ U o X|?
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HISTORY-DEPENDENT MODELS

Apply MZ expanded Koopman to delay-coordinate observables (pasts) :

T4l = M + noise
Memory dependence folded into observables; noise (2% ?) vanishes in m — oo limit
K. Lin and F. Lu (2020) J. Comp. Phys. F. Gliani, D. Giannakis, J. Harlim (2021) Physica D
History-dependent data-driven models: ?ZL : ?;ﬂ — Xior (?1 = H 0)

minimize H?T oX™ U o X|?

Linear approximations of M o using Hankel matrix methods %? e ??j_ N
Brunton, Brunton, Proctor, Kaiser, Kutz (2017) Nature Comms; Arbabi, Mezic (2017) SIAM App. Dyn. Sys.
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INTRINSIC GEOMETRY MEETS INTRINSIC COMPUTATION

Optimize for alllead times 7 == reconstruct predictive distributions Pr(?|<5)

16 /28



INTRINSIC GEOMETRY MEETS INTRINSIC COMPUTATION

Optimize for alllead times 7 == reconstruct predictive distributions Pr(?ﬁf)

unifilarity /causality: one-to-one corresp. between ﬁ o (intrinsic geometry)
and M, (intrinsic computation)

Theorem: Action of Mo always same for every € Si; and

Output of ﬁ o (realization xy41) “on S;” uniquely determines output of M, (Si+1)

by definition: Pr(X;41|%¢) = Pr(Xy41]S: = e(z4)),
Pr(Xi1]%% ;) determined by MO, and () = e(? ) = Hg(%z) = ﬁo(?j)

Sy = e(?t) and ;1 uniquely determines S; 11 = e(?tﬂ) e(%t:vtﬂ)

Rupe et. al. (2021) in progress
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CONNECTING EXxpLICIT AND IMPLICIT MODELS

(* disregarding noise / error*®)

Implicit Data-Driven Models

Ezplicit Physics Simulation Models

where My =X o ®], 0 A, X “simulation measurements”

Rupe et. al. (2021) in progress
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PARTITIONING THE PAST
Continuous Histories Assumption

G.M. Goerg and C.R. Shalizi (2012)

<_
Equivalently: e-function absolutely continuous over X
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PARTITIONING THE PAST

Continuous Histories Assumption
%i — ?j - PI‘(?VEZ) — PI‘(Y‘%]‘)
G.M. Goerg and C.R. Shalizi (2012)
. . . <
Equivalently: e-function absolutely continuous over X
Operational, approximate version—based on ~-partition: Gm e (1?1 i’?m

Y& =9(EF") = (T =(Fm)

Approximated e-function piece-wise constant — converges™ in oo-limit

Rupe et. al. (2019) MLHPC Rupe et. al. (2021) in progress
18 /28



CAUSAL STATE ANALOG FORECASTING ALGORITHM

collect finite-length pasts, futures from training data

>

%
» cluster pa(_sts into K ~y-partition elements K = { k: 1, k 2,00 , k ik} using K-Means
» for each k; € K, collect associated futures {?t : Xt € ki)
>
>

this gives sample measure [, = % i 57],
n

construct kernel density estimator: f; = 1 Y K W(T,2;) 0z
—

Predictive distributions approximated as:
1 n
r(?]? = %) ~ ; ;CZK}L(?,?Z) (5?

For CSAF have:
o { Lif 4(%5) = (%)
t 0 otherwise
For CONCAUST have:
o(F) = (GX + eI) 'K (%)

19/28



FORECASTING THE LORENZ MODEL

dx

E:U(y—x)
dy
E—CC(p—Z)—y
dz

— =xy — Pz

20/ 28



FuLLY-OBSERVED CASE

Numerical evolution of (z,y, z) CSAF forecast of (z,y, 2)

21 /28



PARTIALLY-OBSERVED CASE (z VARIABLE ONLY)

Numerical
evolution
of x

CSAF forecast
of x
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DELAY-COORDINATE RECONSTRUCTIONS
Reconstruction from true evolution

CSAF forecast reconstruction (x4, xi—1,x¢—2)
(xt,xtfl,me)

Lorenz Attractor: Forecast Reconstruction

Lorenz Attractor: True Reconstruction

23 /28



HANKEL DMD / HAVOK LORENZ FORECAST

Embedded Reconstructed
System Time series attractor attractor

Lorenz

S.L. Brunton, B.W. Brunton, J.L. Proctor, E. Kaiser, J.N. Kutz
Chaos as an intermittently forced linear system
Nature Comms (2017)
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REAL-WORLD CARBON DATA

Training data
and forecast of
net ecological
exchange (NEE)

Training data
and forecast of
ground carbon

iable Inference

000 ED 000 w0

Ground Carbon Time Series plus Forecast
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NEE ENSEMBLE FORECAST

10 ensemble
members of NEE
forecast

Mean forecast of
20-member
ensemble NEE

forecast

zzzzzzzzzzzzzzzzzz

o

\ L*' ﬂ 1‘”‘ b \l

1l “\ ”'" g 1 |
W

sssssssssss
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CONCLUSIONS

» certain data-driven models do implicitly what physics simulations do explicitly

» theoretical underpinnings in Koopman theory, delay-coordinate embeddings, and
Mori-Zwanzig formalism

» best approach for given system with finite data an open question

» physics-informed machine learning (PIML) emerging framework for combining
explicit and implicit modeling

Thanks to: Monty Vesselinov, Aric Hagberg, Dan O’Malley, Jim Crutchfield, Nicolas
Brodu, Derek DeSantis, Stefan Klus, Balu Nadiga, Paul Riechers, Mitko Vassilev

Thank you!
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KERNEL ANALOG FORECASTING

training data: data = {xo,x1,...,27}

(regular) Analog Forecasting: identify analog x, € data via a = argmin D(x,x;)
1€{0,....T—7}

Forecast of x is what follows time 7 after the analog

AF(T) = Tatr = / U™ Xy dbs,
X

28 /28



KERNEL ANALOG FORECASTING

training data: data = {xo,x1,...,27}

(regular) Analog Forecasting: identify analog x, € data via a = argmin D(x,x;)
1€{0,....T—7}

Forecast of x is what follows time 7 after the analog

Tap(x) =x0rr = /X U™ X; doy,
Kernel Analog Forecasting: use similarity kernel to evaluate ensemble of analogs
Tiap(x) = [ U™ X diix  with  fix = %Zle Kp(x, )0,

n

1
PI‘(Xt+T|Xt = CL‘) ~ E ZKh(ZE,ZL‘Z')l‘7;+T 5%

=1

Z. Zhao and D. Giannakis (2016) Nonlinearity
28 /28



